
IFAC-PapersOnLine 49-20 (2016) 096–101

ScienceDirect
IFAC-PapersOnLine 49-20 (2016) 096–101

Available online at www.sciencedirect.com

2405-8963 © 2016, IFAC (International Federation of Automatic Control) Hosting by Elsevier Ltd. All rights reserved.
Peer review under responsibility of International Federation of Automatic Control.
10.1016/j.ifacol.2016.10.103

© 2016, IFAC (International Federation of Automatic Control) Hosting by Elsevier Ltd. All rights reserved.

Entropy-based estimation of bubble size

distributions in froth flotation using

B-spline functions ⋆

Jie Han, Chunhua Yang, Xiaojun Zhou, Weihua Gui

School of Information Science and Engineering, Central South
University, Hunan 410083, China (e-mail:

michael.x.zhou@csu.edu.cn).

Abstract: Bubble size distribution is an important feature in froth flotation processes and the
B-spline estimation is a common way to approximate the bubble size distribution by using the
least square algorithm. However, it is difficult to determine the number of basis functions of
B-spline. In this study, the analysis based on the unbiased cross entropy is proposed to evaluate
the estimated models. Experimental results have shown the feasibility and effectiveness of the
proposed method.

Keywords: Froth flotation process, bubble size, probability density function, B-spline

1. INTRODUCTION

Froth flotation is a separation process aimed to extract
valuable minerals from raw ore. As a multivariate process,
froth flotation is influenced by multiple factors such as
impeller speed, reagent addition and inlet air flow (Yang
et al. [2009a]). Since the nature of underlying microscopic
phenomena is chaotic and complicated, the modelling
and control of flotation processes are difficult (Bao et al.
[2008]). Experiences have shown that the efficiency of
flotation process is highly correlated to the froth charac-
teristics. In Moolman et al. [1996], the control of flotation
processes is heavily dependent on the experience of human
operators by observing the visual appearance of the surface
froth, which varies with each individual and lacks objective
criterion. However, with the advancement in digital image
processing techniques, quantification of froth properties
becomes particularly convenient.

As one of the dominant visual features, bubble size can
provide important information about flotation process sta-
tus (Feng. [2000]). For bauxite flotation, froth bubble size
is not only related to technical indices such as concentrate
grade and tailings grade, but also connected with tech-
nological parameters like pulp acidity and pulp density.
In order to get generic relationships for the performance
of flotation froths, Wang et al. [2009] proposed an empir-
ical formula about bubble size distributions. It is worth
noticing that the probability density function (PDF) of
surface bubble size is found to be non-Gaussian, and Yang
et al. [2009b] used nonparametric estimation technique
to approximate this distribution. Based on the theory of
stochastic distribution control, the output PDFs can be
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tracked to a target distribution shape by using control
approaches (Guo et al. [2008]). Considering the relation-
ship of bubble size distribution and the process of froth
flotation, Zhu et al. [2014] proposed a novel reagent dosage
predictive control method which was based on the PDF of
bubble size.

Since the estimation of bubble size distribution is a pre-
requisite step of tracking a target distribution shape, a
method using B-spline function and entropy to approx-
imate the PDF of bubble size is proposed in this paper.
This method includes three steps. First, the PDF of bubble
size distribution is described by using kernel density esti-
mators. Second, we use a linear combination of B-splines to
approximate the kernel density estimation by least-squares
method. Final step, the best model of linear combination
is determined by entropy analysis. The proposed method
can describe the bubble size distribution effectively by the
weights of B-spline estimation, and it can be applied to
the further control of flotation process.

The remainder of the paper is organized as follows. The
mechanism of the gold-antimony flotation process and the
approach of characterizing the bubble size are described
in the section 2. Section 3 presents the B-spline estimator
based on entropy and experimental results is discussed in
Section4. Section 5 provides the conclusion of this paper.

2. PROCESS DESCRIPTION

2.1 Gold-antimony flotation process

The process of froth flotation makes use of the physico-
chemical properties of mineral grains to concentrate valu-
able materials. After grinding the raw ore to a fine size
and mixing them with water, frothing reagents and col-
lecting reagents, the pulp is fed in the flotation cells. The
sparger at the bottom of the container can continuously
inject air into the pulp to form a large number of bubbles
(see Fig. 1). Chemical reagents can adjust the surface
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hydrophobicity of the fine particles. In general, the valu-
able material particles are hydrophobic and adhered to
the bubble surface. Due to the flotage effect, air bubbles
float to the top and can be used to collect concentrate
product. The hydrophilic particles such as tailings settle
to the bottom and are recycled for further treatment.

In this paper, the gold-antimony flotation is mainly stud-
ied and Fig. 2 shows its process flow (Wu et al. [2015]).
The mineral particles containing gold are first selected
by the gold roughing flotation and gold cleaner flotation
I, II, the mineral particles containing antimony are then
collected by the antimony roughing flotation and antimony
cleaner flotation I, II. Scavenging flotation process is used
to improve the recovery rate of minerals.

2.2 Bubble size feature extraction

Image measurement set-up for the flotation process always
consists of a RGB camera and a lamp above the surface
of the froth layer. As discovered, froth images collected
from industry field show that each bubble has only one
total reflectance point, and this property enables bubble
segmentation to be much easier.

Although there are many methods about froth image
segmentation, including valley-edge detection and tracing
technique (Wang et al. [2003]), white spots detection
(Wang et al. [2005]), watershed transformation (Bartolacci
et al. [2001]) and wavelet approach (Liu et al. [2005]), they
all have poor effect when dealing with the froth image

Fig. 3. The segmentation of froth image
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size distribution

with both large and tiny bubbles. In this paper, a two-pass
watershed algorithm explored by Gordon Forbes (Forbes,
G. [2007]) is adopted to segment image. Before using
this algorithm, gray-scale dilations-based morphological
reconstruction is applied to denoising. Fig. 3 shows the
segmentation result of antimony roughing flotation image
and Fig. 4 is the relevant histogram and frequency polygon
of bubble size distribution.

3. B-SPLINE ESTIMATION BASED ON ENTROPY

3.1 B-spline estimation

There are many ways to estimate the irregular distribution
of some random variables, especially histogram, frequency
polygon, shift average histogram, kernel methods and B-
spline expansion models (Zhang et al. [2006]). Since the
control of froth flotation process can be considered as
the control of the bubble size distribution and B-spline
estimation can identify the PDF accurately with several
wights, the control of froth flotation can be transformed
to the control of weights in B-spline estimation. Then, the
B-spline estimation is chosen to approximate bubble size
PDF.

A linear combination of B-spline functions can be used
to approximate the PDF of a continuous random variable
from a given data. The equation of B-spline estimation
f(x, α) of order k is given by

f(x, α) =
n
∑

i=1

αiBi,k(x), tmin ≤ x ≤ tmax (1)
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where x represents the random variable, αi is the weights
and n is the number of B-spline basis functions. Bi,k(x)
means the B-spline basis function of order k defined on
a knot vector T . The knot vector T consists of non-
decreasing real-valued knots. The B-spline basis function
can be recursively defined as

Bi,k(x) =
(x− ti)

ti+k−1 − ti
Bi,k−1(x) +

(ti+k − x)

ti+k − ti+1

Bi+1,k−1(x)

(2)
where

Bi,0 =

�

1, if ti ≤ x ≤ ti+1

0, otherwise
(3)

Since there may exist 0/0, the definition 0/0 = 0 is defined.
In this paper, the second order B-spline function is used
to approximate the PDF of bubble size, which is shown as
follows:

Bi,2 =























































































(x− ti)
2

(ti+2 − ti)(ti+1 − ti)
if ti ≤ x ≤ ti+1

x− ti
ti+2 − ti

·
ti+2 − x

ti+2 − ti+1

+

if ti+1 ≤ x ≤ ti+2

+
ti+3 − x

ti+3 − ti+1

·
x− ti+1

ti+2 − ti+1

(ti+3 − x)2

(ti+3 − ti+1)(ti+3 − ti+2)
if ti+2 ≤ x ≤ ti+3

0 otherwise

(4)
The distribution range of T is [a, b]. Divide the range
[a, b] into n − 2 equal intervals which have the following
relationship:

a = t0 < t1 < t2 < · · · < tn−2 (5)

For convenience, four extended nodes t
−2, t−1, tn−1, tn are

added. Usually we take t
−2 = t

−1 = t0, tn−2 = tn−1 = tn.

The reasons why we use second order B-spline are about
two aspects. On the one hand, as shown in equation (4),
the second order B-spline function is a piecewise-quadratic
function, and if the order increase, the form of B-spline
function will be more complex which may cause high-
computational cost. On the other hand, the second order
B-spline already has the ability to fit all kinds of PDF.

3.2 Least squares approximation

The main idea of least squares approximation in this paper
is to minimize the fitting error S between the given PDF
g(x) and the B-spline function f(x, α). The relationship of
these two functions can be transformed to linear matrix
equations:








B1,k(x1) B2,k(x1) · · · Bn,k(x1)
B1,k(x2) B2,k(x2) · · · Bn,k(x2)

...
...

. . .
...

B1,k(xm) B2,k(xm) · · · Bn,k(xm)

















α1

α2

...
αn









=









g1
g2
...
gm









(6)

where m means the number of variables. These linear
equations can be rewritten as B · α = g and the least
square problem is defined as

Minimize S(α) = �g−B ·α�22 = Σ(g(x)−f(x, α))2 (7)

According to the theory of least square method, the
weights can be calculated by

α = (BTB)−1BTg (8)

Proof:

The squared residuals S between the g(x) and f(x, α) can
be rewritten as

S(α) = �g −Bα�22

= (g −Bα)T (g −Bα)

= gT g − gTBα−αTBT g +αTBTBα

(9)

When S reaches the minimum value, the model function
can fit the original data best. The minimum of S(α) is
obtained by setting the derivatives of S(α) equal to zero.
Note that the function S(α) has scalar values, whereas
α is a column vector with n components. So we have n
first order derivatives and we will follow the convention to
arrange them in a column vector. The second and third
terms of the equation (9) are equal and may be replaced
by −2αTBTg. The vector of derivatives equals −2BTg.
The last term of equation (9) is a quadratic form in the
elements of α. The vector of first order derivatives of this
term can be rewritten as 2BTBα. So, we can obtain

∂S

∂α
= −2BTg + 2BTBα (10)

By setting these derivatives equal to zero, the equation can
be transformed to

BTBα = BTg (11)

Solving this for α, we obtain

α = (BTB)−1BTg (12)

3.3 Evaluation mechanism based on entropy

The number of B-spline basis functions (n) is an im-
portant parameter in estimation process. With different
n, we can define different estimates of the PDF. In in-
formation theory, the cross entropy is a measure of the
uncertainty associated with a random variable, and cross-
entropy minimization is frequently used in probability
estimation. When the cross-entropy reaches the minimum,
the uncertainty of estimation will be minimized and this
estimation can be considered as the best model. For the
purpose of determining the best model of B-spline, the
following entropy is applied to evaluate the fitting results
(Zong. [1998]):

J(g, f) = −

�

g(x) log f(x)dx (13)

When J(g, f) attain a minimum value, fitting function
f(x) is equal to original function g(x). Considering the
biased error of least square method, the asymptotically
unbiased estimate of H(g, f) is

E =
3nf

2ns

−

�

g(x) log f(x, α)dx (14)

where ns is the number of sample points, nf is the number
of free parameters in the model and equal to n− 1 in this
paper. In order to chose the best estimation of PDF, E
must be minimized.

Proof:

Based on the information theory, suppose the PDF of
a continuous random variable x is g(x, θ) where θ is
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parameter vector, and let f(x) be a candidate model, the
entropy of x can be used to evaluate the model g:

J(g, f) = −

∫

g(x) log f(x)dx (15)

Moreover

J(g, f) = −

∫

g(x) log f(x)dx

= −

∫

g(x) log g(x)dx+

∫

g(x) log
g(x)

f(x)
dx

= J(g, g) + I(g, f)

(16)

where J(g, g) = −
∫

g(x) log g(x)dx is the entropy of x,
I(g, f) is the Kullback information which has the following
properties:

(1) I ≥ 0,

(2) I = 0 if and only if g = f .

So, we can obtain J(g, f) = J(g, g) + I(g, f) ≥ J(g, g).
Thus, the entropy J(g, f) attains minimum when esti-
mated model equal to the true model.

The model g(x) contains unknown parameter vector θ =
(θ1, · · · , θnf

). In order to estimate this parameter vector,
a sample x is taken from the population. Here, suppose

the least square estimate of θ is θ̂, and the least square

estimate of entropy J(g, g) = J(x, θ) is J(x, θ̂). However,
because the variance of least square estimator are biased,

J(x, θ̂) is also a biased estimator of J(x, θ). In order to find
the unbiased estimator, the following analysis is employed.

Expand g(x, θ̂) around the true value θ0

g(x, θ̂) ≈ g0(x, θ0) +
∂g0(x, θ0)

∂θi
∆θi (17)

where

∂g0(x, θ0)

∂θi
∆θi =

k
∑

i=1

∂g0(x, θ0)

∂θi
∆θi (18)

Similarly,

log g(x, θ̂) ≈ log g0(x, θ0) +
∂ log g0(x, θ0)

∂θi
∆θi (19)

Let g0 represents g0(x, θ0), so

J(x, θ̂) = −

∫

g(x, θ̂) log g(x, θ̂)dx

= −

∫

{g0 +
∂g0

∂θi
∆θi}·

· {log g0 +
∂ log g0

∂θi
∆θi}dx

= −

∫

g0 log g0dx

− [

∫

{g0
∂ log g0

∂θi
+

∂g0

∂θi
log g0}dx]∆θi

− (

∫

∂g0

∂θi

∂ log g0

∂θi
dx)∆θi∆θj

= J(x, θ0)

− [

∫

{g0
∂ log g0

∂θi
+

∂g0

∂θi
log g0}dx]∆θi

− (

∫

g0
∂ log g0

∂θi

∂ log g0

∂θj
dx)∆θi∆θj

= J(x, θ0)

− [

∫

{g0
∂ log g0

∂θi
+

∂g0

∂θi
log g0}dx]∆θi

−∆θiaij∆θj

(20)

where

aij = Ex{
∂ log g0

∂θi

∂ log g0

∂θj
} (21)

is a Fisherian information matrix. In the equation (20), the
first term is the entropy measured by the true model, the
second term is asymptotically a normal random variable
with zero mean and the third term with mean nf/ns(Mood
et al. [1974]), then

E
θ̂
J(x, θ̂) + nf/ns = J(x, θ0) (22)

where k is the number of free parameters in a model and
ns is the sample size. So

J(x, θ0) = J(x, θ̂) + nf/ns (23)

Similar to the above arguments, the Kullback information
I(g, f) is given by

Î(g, f) = I(g, f) +
nf

2ns

(24)

Finally, the asymptotically unbiased estimator of entropy
J(g, f) is

Ĵ(g, f) = J(g, f) +
3nf

2ns

(25)

4. EXPERIMENTAL RESULTS AND DISCUSSION

Since the bubble size is a series of discrete random vari-
ables, we must describe the PDF of bubble size before
using B-spline estimation. In statistics, kernel density esti-
mation is a non-parametric way to estimate the probability
density function of a random variable and it has been
applied in many fields such as signal processing, econo-
metrics and so on. In this paper, we use kernel density
estimator with the kernel of “triangle” to estimate the
PDF of bubble size distribution, and then the B-spline
estimation is adopted to approximate the kernel density
estimate.

Fig. 5 shows the kernel density estimate of bubble size
and the approximation by B-splines according to Fig. 4.
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Fig. 5. PDF estimation by B-spline and kernel
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Fig. 6. PDF estimation by B-spline with different numbers
of basis function

Red dotted lines represent the basis function of B-spline.
Purple dotted lines mean the weighted basis function.
B-spline estimation denoted by green dotted line is the
combination of weighted basis functions. Blue line means
the kernel density estimate. As shown in Fig. 5, B-spline
estimation can approximate the kernel density estimate
accurately. However, since the B-spline basis functions
are fixed, the B-spline estimation is only determined by
weight vector. It means that the control of bubble size
distribution can convert to the control of B-spline weight
vector. This experiments proved the feasibility of using B-
spline function to estimate the bubble size distribution.

Table 1. Calculated results of B-spline estima-
tion with different numbers

n least square error entropy

7 52.2358 -0.6946
8 40.6680 -0.6319
9 22.8605 -0.6446
10 7.4507 -0.6858
11 1.0002 -0.7266(min)
12 0.9956 -0.7216
13 1.9203 -0.7113
14 2.1437 -0.7062
20 0.2707 -0.6628
21 0.1623 -0.6553

Table 1 and Fig. 6 are the experiment results of B-spline
estimation with different number of basis functions. In
table 1, when n increases from 7 to 21, the least square
error of B-spline estimation is also changed. With different

n, the basis functions of B-spline are different. So the
least square error can not decrease with the decrease of
n. The entropy is used to evaluate the model of B-spline
estimations, and it dose not have decreasing property with
number of basis functions of B-spline. After calculating the
entropy, B-spline estimation with n = 11 is chosen as the
best model.

In Fig. 6, blue line is the kernel density estimate of bubble
size which can be considered as a target distribution,
green, red and purple dotted line represent the B-spline
estimation with n = 14, n = 11, n = 8 respectively. It
is clearly revealed that purple dotted line is worse than
others. Both green dotted line and red dotted line can
fit the given PDF, but the green dotted line is distorted
when describe the peak and valley points of the curve. Red
dotted line can match the given PDF in most cases and
the bubble size with maximum probability is similar to the
given data.

5. CONCLUSION

As one of the important visual features, bubble size distri-
bution has great effect on dealing with the control problem
of froth flotation. In order to analyze the distribution of
bubble size quantitatively, the entropy-based estimation is
used in this paper. First, the PDF of bubble size distribu-
tion is described by using kernel density estimators. Sec-
ond, the least square method is applied to approximate the
kernel density estimate with B-spline estimation, and then
the entropy analysis is adopted to choose the best model of
B-spline. The estimation results of B-spline function and
kernel function have proved that the B-spline estimation is
able to fit PDF effectively. Besides, experiments about the
determination of the best B-spline model have shown that
the evaluation mechanism based on the entropy analysis
can identify the number of B-spline basis functions, which
have testified the feasibility of the proposed method. In
the future, we will study multi-frame images to handle
uncertainties and disturbances in the PDF of bubble size.
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